The static criterion that the amplitude of the principal peak of the liquid structure factor has a constant value along the freezing line and the onset of freezing are studied from the structure factors and the static dielectric functions of halide salts interacting via the effective pair potentials through the hypernetted-chain approximation. It is observed that the criterion above is restricted to the effective charge difference. The critical value of plasma parameter at freezing is affected by the mobility and number concentration of anions and cations. The distribution of the value of the static dielectric function closest to the wave number axis in the negative region is also determined by the charge difference and the ordering of ions and related to the onset of freezing.
Introduction
The freezing transition is an interesting issue in physics, and its theoretical prediction is also important in chemical engineering. The dynamic and the static scaling, and the freezing criteria have preoccupied many scientists ever since the works by Lindeman [1] , and Hansen and Verlet [2] (HV). The melting rule by Lindeman predicts that the ratio of the root-mean square displacement and the average interparticle distance at melting line of the solid has a value of 0.15. The dynamical criterion for colloidal and a two-dimensional fluids proposed by Löwen et al. [3, 4] states that the ratio of the long-time and short-time diffusion coefficient has the universal value 0.1 along the freezing line. In addition, Pesché et al. [5, 6] have recently shown that the reduced long-time self diffusion coefficient and the static structure factor have a functional relation, D L s /D 0 = f (S(k 0 )) for colloidal fluids. According to the static freezing criterion formulated by HV, the amplitude of the main peak in the static structure factor S(k) at k 0 into which * corresponding author; e-mail: tasseven@yildiz.edu.tr a neutral monatomic fluid freezes reaches a universal value between 2.8 and 3.1 near freezing [2, 7] . S(k 0 ) has been found to be about 3.0 for alkali metals [8] . However, it reaches the value of 5.5 for two-dimensional liquid [5, 9] , that leads to the violation of the HV freezing rule.
For a two-component liquid, the number and charge structure factors are the appropriate tools for the purpose of studying the freezing criterion. March and Tosi [10] (MT) have proposed a criterion for freezing of alkali halides by using the analogy with the classical one-component plasma (OCP), in which the freezing transition occurs at a critical value of the plasma parameter Γ ∼ = 160−180. At this critical value of the plasma parameter, the main peak height of the charge-charge structure factor S QQ (k 0 ) has the value of 2.7-3.1 [11] [12] [13] . The difference between cations and anions are ignored in a two-component system when the structure is described by number density ρ N while the charge density ρ Q is directly reflecting the ionic character of the structure. The S QQ (k) is generated by correlating the charge density fluctuations as ρ Q (k)ρ Q (−k) and reflects the residual shortrange ordering in the ionic liquid. In contrast to the number-number and the number-charge structure factor, S N N (k) and S N Q (k), the S QQ (k) show a very prominent principal peak and qualitatively resemble the structure factor of an ordinary monatomic liquid just above the freezing point. This justifies the use of the S QQ (k) for the freezing criterion in alkali halides by MT. According to this criterion the amplitude of the principal peak in S QQ (k) has the constant value along the freezing line and was estimated to be S QQ (k 0 ) ≈ 5 from the available data, when extrapolated to the freezing point.
Another important concept of condensed matter physics is the dielectric function ε(k, ω) which provides a direct measure of the dielectric response of the system. The behavior of the wave number-dependent static dielectric function ε(k) is related to the freezing mechanism in ionic liquids [14, 15, 11] and it can be calculated directly from the static structure factor. The fluid will be stable against the formation of charge density waves if ε(k) > 1 and ε(k) < 0; and would approach the instability as the ε(k) rises towards zero from negative region at the value of k 0 which corresponds to the principal peak in the static structure factor or to the reciprocal lattice vector of the solid into which the fluid freezes. The studies on the static dielectric function to understand the freezing phenomenon in halide salts have been mainly for AgI and NaCl, which can be taken as representative systems for superionic conductors (SIC) and ordinary solids, respectively. The ε(k) of molten AgI resembles more closely that of classical one-component plasma near the fluid-solid transition than that of the simple molten salt, NaCl. This is taken as the reflection of the covalent nature of AgI and the liquid like picture of the superionic phase [14] .
In this paper, an intensive study of the static freezing criterion and the freezing mechanism of halide salts using the hypernetted-chain (HNC) theory of liquids and some experimental data is presented. We explore the freezing criterion for two component liquids by MT further by following similar arguments. Therefore, for the purpose of this work, we mainly focus on the height of the principal peak in S QQ (k) at k 0 . Moreover, the static dielectric function ε(k) was investigated in order to have a general view of the freezing process and to catch the sight of the effect of the nature of the freezing process to the static scaling in salts.
Theory
The dielectric function can be expressed in terms of density response function R(k, ω) in the form of [8] :
In the static limit R(k, ω) is then related directly to the structure factor S(k) 3 ] used in the HNC calculations, the chemical activity parameters χ M , the plasma parameters Γ and the values of the charge-charge structure factors S QQ (k 0 ). Potential parameters are listed for each system as the first line is for cation-cation, the second is for anion-anion and the third line is for the unlike ion pairs. Unit of lengths are given inÅ, and of energies in e 2 /Å = 14.399 eV. through the classical form of the fluctuation-dissipation theorem,
(2) Finally, ε(k) is written for an ionic fluid system provided that S(k) is interpreted as correlation function between charge density fluctuations,
The above relation is valid only for an ionic system of undeformable ions obeying classical statistical mechanics. The Bhatia-Thornton charge-charge structure factor is defined as
where Z α,β , c α,β and S αβ (k) are the effective charges, number concentrations and the partial structure factors, respectively. As usual, the S αβ is the Fourier transform of the pair radial distribution function of g αβ (r) which can be evaluated by using the liquid state theories in conjunction with the Ornstein-Zernike integral equation [16] . Numerous monovalent, divalent and trivalent halides are studied through the HNC approximation except for MgCl 2 , CaCl 2 , BaCl 2 , SrCl 2 , and ZnCl 2 for which ε(k) is deduced from the experimental partial structure factors [17] . We shall concern two types of effective pair potential to model the interactions between the ion pairs: the Huggins-Mayer (HM) [18] form
which is used for the systems that have purely ionic character, and the VashishtaRahman (VR) [19] form
for the covalent systems, where and denote ionic radii. Z α,β are the full charges for HM and effective charges for VR type of interactions. The terms and parameters have the usual meanings which are discussed in the corresponding references given in Table. In each row, the first line is for cation-cation, the second is for anion-anion and the third line is for the unlike ion pairs.
Results and discussion
Firstly, we pay attention to the amplitude of the correlation function between charge density fluctuations, S QQ (k 0 ). Numerical calculations are carried out with HNC approximation using the method due to Gillan [20] for M = 2048 mesh points at the temperature T . The calculation temperature is about five percent above the melting point except for the system that the number density is not available as a function of temperature (see the values in brackets in Table) . The systems that we have studied cover, to a very large extent, all the systems in these families. The results for S QQ (k 0 ) are listed in the last column of Table. The values in brackets are taken from experimental data for a few systems for comparison. The agreements between the theoretical (or molecular dynamics simulation, see related references given in Table) and available experimental results in static structure justifies the use of functional form of the model potentials and parameters. We have found that S QQ (k 0 ) have the values approximately between 2.7-3.8 for monohalides, 2.0-3.2 for dihalides and 1.3-2.0 for trihalides. Extrapolation of the results for the systems that the density is available as a function of the temperature, the height of the main peak of the structure factors attain a value at the freezing temperature which is roughly 5% higher than the S QQ (k 0 ) listed in Table. This suggests that the S QQ (k 0 ) at freezing for monohalides is about 3.5. For comparison, it was estimated by MT that S QQ (k 0 ) ≈ 5 for alkali halides. Freezing is realized into a crystalline phase with more strongly pronounced static correlations, which indicates the higher degree of short-range ordering, as the difference between the valence of metal and halogen ion decreases. It is also stated that a large value of the structure factor implies a small value for the free energy spent in modulating the homogeneous liquid density [8] . It seems that the simple rule, the structure factor has constant amplitude along the freezing line of alkali halides proposed by MT, cannot be implied to the whole halide salts as the predicted value of S QQ (k 0 ) varies between 1.3-3.8. However, the results suggest that S QQ (k 0 ) can be taken as constant for the group of systems which have the same stoichiometry. The average value of S QQ (k 0 ) is obtained as about 3.3 for monohalides, 2.8 for dihalides and 1.7 for trihalides. Considering the 1:1 case, it is known that for simple liquids, e.g. alkali halides the partial structure factors of anions and cations are almost identical by symmetry resulting with only weakly coupled density fluctuations and charge fluctuations, i.e. S N Q (k) ∼ = 0. Whereas for the systems which freeze into a SIC phase where there is a significant electron density along a line between two atomic centers, namely bonding is directional, the fluctuations are more strongly coupled. There is a richer behavior in charge and density fluctuations when charge asymmetry is taken into account. The S QQ (k) has less prominent structural feature and S N Q (k) indicates more strongly coupled fluctuations as the difference between the number of anions and cations is increased.
In the second part of this paper we focus on the static dielectric function ε(k) which can be obtained from S QQ (k) (see Eq. (2)). It is well known that the behavior of ε(k) is connected with the freezing mechanism [15, 22] : the crystallization of a fluid is realized when ε(k) is closest to k-axis in the negative region at the position k 0 where S QQ (k) has also its principal peak and which corresponds to the reciprocal lattice vector into which cooled liquid freezes. The results are presented in Fig. 1 where ε(k 0 ) against k 0 a are plotted, where a = (3/4πn) 1/3 is the mean ion sphere radius. The ε(k 0 ) provides important insights of the freezing of salts. The instability in the liquid phase near freezing seems more desirable for monovalent halides compared to divalent and trivalent halides, as, in general, ε(k 0 ) is closer to zero values in the negative region in the order of 1:1, 1:2 and 1:3. In addition, k 0 a varies approximately between 2.5-4.5 (k 0 ∼ = 1.4-2.2Å −1 ). This interval is occupied from left to right by 1:3, 1:1 and 1:2 but some of 1:2 systems are distributed towards the middle range of k 0 a for the reasons we shall try to explain later. The solid line in Fig. 1 represents the sixth order polynomial fit of ε(k 0 ) data. The behavior of this function resembles the behavior of the static dielectric function, ε(k), of an ionic fluid which is also included as inset in Fig.  1 . In the inset there is plotted ε(k) versus ka for AgI, MgCl 2 and YCl 3 taken as representative samples. This reveals that the value of ε(k 0 ) for each system lies about a curve which can be defined by a function that behaves like ε(k). Chemical activity parameter χ M proposed by Pettifor [21] for metal atoms (see Table) introduces a correlation with character of the chemical bonding, increasing χ M corresponds to increasing weight of covalency against ionicity. This is clearly reflected in the behavior of ε(k 0 ) by the tendency of a system, which has a higher activity parameter, generally, to take a place where ε(k 0 ) is closer to zero. Silver, copper and thallium halides are well known to exhibit strong premelting phenomena and show similar structural behavior between their fast ion conducting crystalline phase and liquid phase, i.e. superionic phase can be described by a liquid-like picture. These systems generally occupy the top part of the first peak of ε(k 0 ) which is closer to the zero signaling a more reinforced onset of freezing compared to simple salts i.e. alkali halides. Lithium halides are fairly typical ionic compounds. However, they have relatively low melting temperature, high chemical activity parameter and small cation size compared to other alkali halides. These differences are clearly reflected in the behavior of explaining the reason why LiX are found to behave differently from having similar behavior of the ε(k 0 ) as seen in Fig. 1 . Furthermore, strong similarities have been observed between the static structure of LiCl and CuCl melt [23, 24] .
The first sharp diffraction peak (FSDP) is a characteristic feature of several MX 2 (M-metal ion and X-halogen ion) systems (molten and glassy systems, metallic alloys, molecular liquids, highly viscous network forming melts). FSDP gives information on the intermediate range order, in real space, occurring at low values of the scattering vector k, k FSDP ∼ = 1.0Å −1 . Many studies suggest that the FSDP is an evidence of directional bonding or high covalent character [17] . ZnCl 2 , NiI 2 , NiBr 2 , MgCl 2 , NiCl 2 , CaCl 2 , SrCl 2 and BaCl 2 , whose experimental structure factors are available, are ordered in terms of the FSDP from the most pronounced to the least. It is predominantly correct to say that if one of the halides has a FSDP the other two will also have. However, the height is more pronounced, in general, through the series Cl, Br, and I, for example nickel halides [17, [25] [26] [27] . The system with the low chemical activity parameter which usually means very small or non FSDP have the low covalency and migrates towards the middle where monovalent halides with the low χ M are assembled. This behavior may look contrary to what has been observed in MX and MX 3 systems for which ε(k 0 ) have closer value to zero as χ M increased. However, the migration of the SIC divalent halides (e.g. SrCl 2 , CaF 2 , BaCl 2 , SrBr 2 ) towards the place where ε(k 0 ) has its first peak also signals the onset of freezing as observed in 1:1 SIC even though different ions participate the freezing. According to the freezing theory into superionic phase [28] , the freezing of SIC is driven by the marked ordering of the less mobile ion which is the anion for the monovalent SIC and the cation for the divalent SIC, whereas in the systems where the anion and cation have approximately equal mobility, for example alkali halides, both ions participate the freezing and the liquid phase is more stable compared to SIC at melt.
In spite of having the same type of crystal structure, the difference in melting mechanism between YCl 3 (and so DyCl 3 , HoCl 3 , and ErCl 3 due to similar liquid structure and melting mechanism) and AlCl 3 is reflected in the chemical scale, placing YCl 3 , ErCl 3 , HoCl 3 and DyCl 3 in a region of relatively high ionicity and AlCl 3 in a region of stronger covalency [29] . This feature in melting is also seen in freezing via that the ε(k 0 ) of AlCl 3 , which has the higher χ M , closer to ka-axis compared to the other MX 3 .
In a model of the Coulomb fluid, for example OCP, charge and density fluctuations can be calculated as a function of the plasma coupling parameter defined by
, c i is the number concentration of ion i such that i x i = 1. By analogy with the one-component plasma due to MT, the plasma parameter for halide salts are estimated at the temperature and densities used in this work and given in Table. The critical Γ of the molten alkali halides at freezing is clearly constant and has the value about one half of that for the classical OCP. These are consistent with the values estimated by MT for the alkali halides. However, for SIC or fast ion conductors in which one of the constituent ions is more mobile, usually the smaller one, the plasma parameter, generally, is about Γ ∼ = 100. As shown for copper halides the ε(k) mimics the behavior of ε(k) of OCP at about Γ ∼ = 90 [31] . These higher critical values of the plasma parameter of fast ion conductors compared to that of ordinary solids just above the melting temperature, in our view, reflect the large differences in mobility of the cations and anions, which, coupled with their size differences, resemble a plasma of more mobile ions in the locally ordered background of the oppositely charged ions. Similar statements can be made for 1:2 and 1:3 salts and the Γ increases as the difference between the number of anions and cations is increased.
Finally, we take the issue with the supercooling estimation by Fasolino et al. [14] for NaCl, by the type of argument developed by Schneider et al. [30] for monatomic simple liquids, from S QQ (k 0 , T m ) as (T m − T )/T m ∼ 1/S QQ (k 0 , T m ), if that is applied to the whole family of the systems studied here, it gives the results of (T m − T )/T m ≈ 0.31 for monohalides which is in agreement with the estimation of Fasolino et al. [14] , 0.36 and 0.63 for divalent and trivalent halides, respectively.
Conclusions
To conclude, we have analyzed the static freezing criteria and the freezing mechanism of halide salts from the height of the principal peak of charge-charge static structure factors and the static dielectric function. The charge-charge structure factor is found to be constant at freezing providing that whole family of the systems have the same effective charge difference. The freezing into crystalline phase is associated with the more strongly pronounced static correlations through the series of monovalent, divalent and trivalent halides. The critical value of the plasma parameter is affected by the difference in mobility and the number of constituent ions. The values of ε(k 0 ) along the freezing seem to form a curve that can be represented by a sixth order polynomial which behaves like ε(k) of a system near freezing. The distribution of the salts is determined by the stoichiometry and the ordering of ions and related to the onset of freezing, i.e. the system which freezes into superionic conducting crystalline phase shows the tendency to take the place where ε(k 0 ) has its first peak which is closer to zero. Moreover, higher value of the chemical activity parameter or a pronounced first sharp diffraction peak corresponds to a higher value of ε(k 0 ) in negative region reflecting the instability of the liquids with covalent nature. Further extensions of this work would be to study the dynamical freezing criterion for molten salts following the similar idea in the work by Pesché et al. [5, 6] .
